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Abstract—Interest for spacetime structures has recently been
revived, following developments in metamaterials and ultrafast
optics. Such structures essentially consist of successions of space-
time interfaces for which the theory is still incomplete, in
particular in the regime where the interface velocity lies between
the wave velocities in the two media involved. This paper
addresses this “interluminal” regime, providing exact scattering
solutions for both approaching and receding interfaces. The
solutions are verified to be consistent with the transmission
matrix perspective and to be continuous at the limits of the
subluminal and superluminal regimes.
I. INTRODUCTION
Spacetime structures, which are characterized by medium
parameters that vary in both space and time, possess many
interesting and useful properties: they are intrinsically nonre-
ciprocal, due to their time-reversal asymmetry, induce spatial
and temporal frequency transformations, provide amplification
or attenuation, and support exotic phenomena such as time
reversal and anomalous deflections. Combined with recent
advances in metamaterial and fabrication technologies, these
properties have recently revived the interest in such media.
Medium interfaces constitute the building blocks of space-
time composite structures. The scattering coefficients and
frequency transitions occurring at such interfaces are easily
found from field continuity conditions, except in the regime
where the interface speed is between the wave speeds in the
two involved media. No complete exact solution has ever been
reported in this “interluminal” regime.
This regime was first identified as problematic in the
study of space-time periodic structures in 1963 [1], where
it was called the “sonic” regime. Later, the problem of an
interface approaching incident light from an electromagnetic
rarer medium to an electromagnetic denser medium was
solved in [2], [3]. This problem was investigated using the
finite-difference technique in [4] and an ingenious space-time
discretization provided a solution for acoustic waves in [5].
This paper first revisits the solution of [2], and then solves
the problem of a receding interface, which was not treated
before. The solution is shown to be consistent with the general
transfer matrix perspective presented in [4], and to exhibit
proper continuity at the limits of the velocity range.
II. INTERLUMINAL PROBLEMS
The interluminal regime corresponds to the velocity range
v2 < |vm| < v1, (1)
where vm is the velocity of the interface and v1,2 = c/n1,2 are
the speeds of light in media 1 and 2. Here we shall consider,
for simplicity, the case n1 < n2, with n1, n2 ≥ 1.
Figures 1(a) and (c) present the space-time diagrams of an
approaching (v < 0) and a receding (v > 0) interface of inter-
luminal velocity. A wave incident on the approaching interface
generates three scattered waves, while a single scattered wave
is produced by three waves incident on the receding interface.
These problems are under- and over-determined, respectively,
since they involve three and one unknowns, for two continuity
conditions [3].
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Fig. 1. Scattering from an interluminal interface. (a) Original problem of
approaching (v < 0) interface. (b) Auxiliary approaching proble.(c) Original
problem of receding (v > 0) interface. (b) Auxiliary receding problem.
We solve these problems using the auxiliary problems in
Fig. 1(b) and Fig. 1(d). In essence, the auxiliary problems
avoid the aforementioned indeterminacies by adding a gradient
slab at the interfaces. This transforms the problems into
successions of purely subluminal and superluminal interfaces,
for which analytical solutions are known: the transmission and
reflection coefficients for a subluminal (|vm| < vj) interface
between media i and j are
τji =
A+j
A+i
=
2ni
ni + nj
(
1− nivm/c
1− njvm/c
)
, (2a)
γi→jii =
A−i
A+i
=
ni − nj
ni + nj
(
1− nivm/c
1 + nivm/c
)
, (2b)
while for the superluminal (|vm| > c/ni) case, they are [2]
ξji =
A+j
A+i
=
ni + nj
2nj
(
1− nivm/c
1− njvm/c
)
, (3a)
2ζji =
A−j
A+i
= −
ni − nj
2nj
(
1− nivm/c
1 + njvm/c
)
, (3b)
where the reflective superscript i→ j denotes incidence from
i towards j.
III. SCATTERING FROM APPROACHING INTERFACE
Consider the auxiliary problem of the approaching interface,
shown in Fig. 1(b). The intermediate gradient medium has an
average index nm = c/|vm|, varying from nm −∆n to nm +
∆n. The first interface is subluminal, since |vm| < c/(nm −
∆n), while the second interface is superluminal, since |vm| >
c/(nm+∆n). The total scattering coefficients are obtained by
multiplying the coefficients of the first and second interfaces,
then letting∆n→ 0, and finally inserting vm/c = −nm, which
yields
α1→211 =
ψ−1
ψ+1
= γ1→m11 = −1, (4a)
β21 =
ψ−
2
ψ+1
= ζ2mτm1 = −
n1
n2
, (4b)
κ21 =
ψ+2
ψ+1
= ξ2mτm1 =
n1
n2
. (4c)
Surprisingly, these coefficients are independent of velocity.
IV. SCATTERING FROM RECEDING INTERFACE
Consider now the receding-interface auxiliary problem,
shown in Fig. 1(c). There can be up to three incident waves,
but only one wave can be scattered. Adding the same transition
medium as previously, we have again a succession of sublu-
minal and superluminal problems. Using the same procedure
as above, we obtain
α1→211 =
ψ−1
ψ+1
= γ1→m11 = −
(
1− vmn1
1 + vmn1
)2
, (5a)
β12 =
ψ−1
ψ+2
= τ¯1mζm2 = −
(
1− vmn2
1 + vmn1
)2
, (5b)
κ12 =
ψ−1
ψ−
2
= τ¯1mξ¯m2 =
(
1 + vmn2
1 + vmn1
)2
, (5c)
where τ¯ = τ(−vm) and ξ¯ = ξ(−vm). Note the two purple
dashed lines never escape from the transition region, and
therefore do not enter into the calculation of the coefficients.
V. VERIFICATION
We now check whether our results are consistent with the
transfer matrix of a spatiotemporal interface [4], [6], which
relates the fields on both sides of the interface:
[
ψ+i
ψ−i
]
=


nj + ni
2ni
1 + njvm
1 + nivm
nj − ni
2ni
1− njvm
1 + nivm
nj − ni
2ni
1 + njvm
1− nivm
nj + ni
2ni
1− njvm
1− nivm


[
ψ+j
ψ−j
]
.
(6)
Reading out the field relationship from Fig. 1(c) and replacing
the fields in medium 1 using (6) yields
κ12ψ
+
2 + β12ψ
−
2 = ψ
−
1 − α
1→2
11 ψ
+
1
=
(
t2112 − α
1→2
11 t
11
12
)
ψ+2 +
(
t2212 − α
1→2
11 t
12
12
)
ψ−2 ,
(7)
where tnm12 corresponds to the transfer matrix element of the
nth row and mth column. We find our results are consistent
with this transfer matrix, since inserting α1→211 (5a) and the
transfer matrix elements of (6) into the right side of (7)
retrieves the coefficients κ12 (5b) and β12 (5c).
To further verify our results, the scattering coefficients
are plotted in Fig. 2 across the entire velocity range. It is
comforting to see the parameters exhibit no discontinuity at
the different regime limits.
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Fig. 2. Scattering coefficients [Eqs. (2), (3), (4) and (5)] across the entire
velocity range, which includes the approaching and receding subluminal
(SUB), interluminal (INT) and superluminal (SUP) regimes.
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